Astrophysical and high-energy-density laboratory plasmas often have large-amplitude, sub-Larmor-scale electromagnetic fluctuations excited by various kinetic-streaming or anisotropy-driven instabilities. The Weibel (or the filamentation) instability is particularly important because it can rapidly generate strong magnetic fields, even in the absence of seed fields. Particles propagating in collisionless plasmas with such small-scale magnetic fields undergo stochastic deflections similar to Coulomb collisions, with the magnetic pitch-angle diffusion coefficient representing the effective "collision" frequency. We show that this effect of the plasma "quasicollisionality" can strongly affect the growth rate and evolution of the Weibel instability in the deeply nonlinear regime. This result is especially important for understanding cosmic-ray-driven turbulence in an upstream region of a collisionless shock of a gamma-ray burst or a supernova. We demonstrate that the quasi-collisions caused by the fields generated in the upstream suppress the instability slightly but can never shut it down completely. This confirms the assumptions made in the self-similar model of the collisionless foreshock.
I. INTRODUCTION
High-amplitude small-scale electromagnetic turbulence is ubiquitous in high-energy density plasmas. It is often excited at kinetic scales by the anisotropy of the particle distribution, including their counter-streaming motions. Particularly interesting are the Weibel-type streaming instabilities (often called the 'filamentation instabilities') [1, 2] , which is capable of producing strong magnetic fields. Such magnetic "Weibel turbulence" is a common feature of astrophysical and space plasmas, e.g., collisionless shocks in gamma-ray bursts (GRBs) and supernova remnants, and other weakly magnetized plasmas [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , sites of magnetic reconnection [13, 14] and others. Weibel fields play a critical role in high-intensity laser plasmas studies in laboratory facilities such as the National Ignition Facility, OmegaEP, Hercules, Trident, and others [15] [16] [17] [18] [19] [20] [21] . Experimental and numerical studies of the instability itself and of non-relativistic collisionless shocks, motivated by the proposed idea of "a GRB in a lab" [22] [23] [24] , demonstrate crucial importance of small-scale fields [19] [20] [21] [24] [25] [26] [27] [28] [29] [30] [31] [32] . These fields are also important for the fusion energy sciences and the inertial confinement concept [15, 16] .
Despite much variation in the plasma conditions in which the Weibel-like or filamentation instabilities are excited, most of these plasmas have one thing in common. While being collisionless or weakly collisional, that is the binary Coulomb collisions are rare, these environments display phenomena that resemble conventional collisional interactions. For instance, relativistic collisionless shocks in GRBs have the particle mean-free-paths being only tens of plasma skin depths. This happens because the small-scale fields in the Weibel turbulence vary on scales smaller than or comparable to the characteristic curvature scale of the particles traversing the field, i.e., the particle Larmor radius. The particle trajectory through these turbulent fields will, consequently, never form a welldefined Larmor circle. Furthermore, even if the average magnetization is substantial and the particle mostly moves along its Larmor orbit, the large fluctuations of the field strength can break the particle's adiabatic invariant in certain locations, thus leading to pitch-angle scattering. Hereafter, we colloquially refer to these phenomena as "quasi-collisional" [33] [34] [35] .
II. QUASI-COLLISIONALITY OF SUB-LARMOR TURBULENCE
Consider a particle moving with velocity v through a random, mean-free B = 0, small-scale magnetic field which is statistically homogeneous and isotropic. The Lorentz force, F L = (e/c) v × B, acting on the particle is random, hence particle's velocity and acceleration vectors vary stochastically, leading to a random (diffusive) trajectory. We define the field turbulence to be "small-scale" when the effective particle's Larmor radius, r L , is greater than, or comparable to, the characteristic correlation scale of the magnetic field, λ B , i.e., r L λ B , where
1/2 with B 2 ⊥ 1/2 being the rms component of the magnetic field perpendicular to the particle's velocity vector, m being the mass, c being the speed of light, e being the electric charge, and Γ being the particle's Lorentz factor.
The deflection angle of the velocity, assuming small deflections, is approximately equal to the ratio of the change in the particle's transverse momentum to its initial transverse momentum. As the particle passes though a coherent patch of magnetic field of length λ B it experiences the force F L ∼ eBv ⊥ /c over the transit time τ λ ∼ λ B /v ⊥ . The change in transverse momentum is, therefore ∆p ⊥ ∼ F L τ λ ∼ e(B/c)λ B , so that the deflection angle becomes α λ ≈ ∆p ⊥ /p ⊥ ∼ e(B/c)λ B /(Γm e v ⊥ ), where the particle's total transverse momentum is p ⊥ ∼ Γmv ⊥ . The subsequent deflection in the next patch is uncorrelated and, thus, will be in a random direction. Hence the particle motion is diffusive.
The pitch-angle diffusion coefficient is defined as the ratio of the square of the deflection angle in a coherent patch to the transit time over this patch, that is Although the correlation length, λ B , lacks a formal definition, it is often defined via the two-point autocorrelation tensor [36] . The correlation length tensor, which is formally dependent on path and time, is defined as
where
and we make no distinction between co-variant and contravariant components. Let B k,Ω be the spatial and temporal Fourier transform of the magnetic field, B k,Ω = B(x, t)e −i(k·x−Ωt) dxdt, where k and Ω are the corresponding wave vector and frequency, respectively. Then it is often convenient to define a complementary spectral correlation tensor for the field Φ ij (k, Ω), such that
The spectral correlation tensor, Φ ij (k, Ω), naturally connects statistical properties of the field to its spectral characteristics. In order to proceed further, one needs to know the full three-dimensional spectrum of the magnetic field generated by the Weibel instability. In general, Weibel turbulence is anisotropic. One can expect however that in the deeply nonlinear regime, it may tend to isotropy. Thus, we are making now a strong simplifying assumption of the isotropy and timeindependence. Together with ∇ · B = 0, these assumptions require the spectral correlation tensor to be of the form
where V is the volume of the space considered,k is the unit vector in the direction of the wave vector, and δ ij is the Kronecker delta. The normalization has been chosen such that
. Since only the component of the magnetic field perpendicular to the particle trajectory is relevant, we choose an integration path in Eq. (2) to be along v ⊥ and only consider a transverse magnetic field component, and choose r = xx and i = j = z. The magnetic field correlation length becomes
Using Eqs. (3)- (6), noting that B k is only a function of |k| ≡ k and integrating over dx and all solid angles in dk, we finally obtain [34] λ B = 3π 8
By its physical meaning, the correlation length represents a characteristic wave number of turbulence,
B . Finally, the collision frequency is defined as the inverse time during which the rms pitch-angle deflection becomes of order one radian, thus
(1) and (7), we have
where we used that v 2 ⊥ = (2/3)v 2 th for an isotropic particle distribution with v th being the characteristic thermal speed.
III. QUASI-COLLISIONAL WEIBEL INSTABILITY
Let us consider the electron Weibel instability in the uniform, static, charge-neutralizing background of protons. (Numerical simulations indicate that the ion-driven Weibel instability proceeds similar to the electron-driven one, even though the electrons need not be forming a uniform chargeneutralizing background.) For simplicity, we assume the distribution of the electrons is represented by two cold, counterpropagating streams. Here we follow the derivations in Refs. [37, 38] . The governing equations are
where j a = −n a v a and v a = p a / 1 + p 2 a . The index a = 1, 2 denotes the the two counter-streaming electron populations andā denotes the counterpart of a, that isā = 2 if a = 1 andā = 1 if a = 2. Hereafter, the densities are normalized by the uniform density n 0 , velocities by the speed of light c and frequencies by the plasma frequency ω p = (4πe 2 n 0 /m) 1/2 . Obviously the first (continuity) equation in the system is derivable from the last two (Ampere and Poisson) equations. Now, we assume that the electron streams are initially propagating along x-direction, that is v 0,a = v 0,ax . The Weibel instability is also characterized by current neutrality, a n 0,a v 0,a = 0, thus there is no initial magnetic field. We assume that the growing magnetic field will be in the zdirection, B = Bẑ and the perturbed velocities and electric fields lie in the orthogonal, x-y-plane.The Weibel instability is a transverse instability, so we dismiss longitudinal electrostatic perturbations by considering perturbations of the form e (ikyy−iωt) . (20) to zero. Two modes have large real frequencies and are slightly damped by νeff. The other two modes have zero real frequencies; one is damped and one is unstable, which is the Weibel mode. Upon solving the system of linearized equations (9)-(13), one obtains the following dispersion relation (see Ref. [37] for the general treatment):
where (19) and Γ 0,a = 1 − v 2 0,a −1/2 is the Lorentz factor.
Analysis of this equation is still cumbersome, so we further simplify equations by assuming that the interpenetrating electron streams are of the same densities, n 0,1 = n 0,2 = 0.5, and therefore the same speed, i.e., v 0,1 = −v 0,2 . We intro-
The dispersion relation (14) reduces to
The eigenmode that factored out represents the standard relativistic plasma oscillation, ω = ±Γ , where ω has a vanishing imaginary part. Obviously, it is not affected by the effective collisionality.
The term in the square brackets of Eq. (20) yields four solutions, one of them corresponds to the Weibel instability. The roots and dispersion curves are shown in Figs. 1, 2 . These results differ from those obtained in Ref. [37] , where the parameter like ν eff /ω in our notations was treated as a real-valued constant, which is incorrect. Among the four roots, two modes have large real frequencies and are slightly damped by collisions. The other two modes have vanishing real frequencies; one mode is damped and one is purely growing. The latter, unstable mode is the Weibel instability. Note that in our treatment of the cold plasma, the mode is unstable for an arbitrarily large k. In reality, there is a maximum k, which depends on the thermal velocity spread, see Ref. [28] for the extensive analysis and discussion.
Since, the Weibel instability is a purely growing mode in our analysis, we define the growth rate as γ = iω. It is, thus, a solution to the equation
The solutions to it are shown in Fig. 3 for various values of the effective quasi-collisional frequency in the range 0.01 ≤ ν eff ≤ 100. The classical Weibel dispersion relation (with ν eff = 0) is also shown for reference. It is seen that the growth rate is suppressed by collisionality but never goes to zero for any finite ν eff . For small quasi-collisionalities, ν eff 1, the small-k regime is suppressed the most, where is becomes γ ∝ k 2 instead of the classical γ ∝ k scaling, for Γ 0 ∼ 1. In the relativistic limit, Γ 0
1, there appears a second break at low k, with the intermediate scaling
. These γ(k) scalings can readily be obtained from Eq. .The position of the main break, i.e., the minimum k at which the growth rate is still close to the maximum is approximately
. At large values of ν eff , the overall growth rate decreases as approximately γ ∝ 1/ν eff .
The maximum growth rate can be obtained by observing that γ → γ m ∼ const. as k → ∞. Eq. (22) in this limit becomes
which admits the positive solution
where γ 0 = v 0 / √ Γ 0 is the maximum growth rate of the classical Weibel instability. Note that the obtained growth rate depends on both the amplitude of the magnetic fluctuations, B 2 and the effective correlation length of the field, λ B .
IV. DISCUSSION
Results obtained in previous sections allow us to estimate the back-reaction of the generated fields on the instability. We stress, that our treatment differs from the standard quasilinear theory, in which the response of the particle distribution function is computed as a perturbation and then substituted back into the general dispersion relation. Our approach also differs from the conventional non-linear approach which considers the evolution of current filaments when the instability has already been saturated [25, 29] . In contrast to standard approaches, we have considered here a case when the anisotropy of the particle distribution function is maintained in the unstable (streaming) state. In this case, the generated fields are affecting the instability via pitch-angle scattering of the streaming particles -a clear-cut of "quasi-collisions".
The back-reaction via quasi-collisions is of great importance for astrophysical collisionless shocks, both relativistic and non-relativistic, in GRBs and supernova remnants. At such shocks, an almost steady-state, yet unstable, particle distribution is formed in the vicinity of the shock front in the upstream region because of particle reflection and injection at the shock. Thus, the instability in the near-upstream region is manifestly in the "quasi-nonlinear" regime. Furthermore, as the shock evolves, it populates the far-upstream region with suprathermal particles and cosmic rays which generate the magnetic field on longer temporal and spatial scales [10] . An analytical self-similar model of such a foreshock has been developed, but it assumed that the growth rate of the instability is not substantially modified by the self-generated fields [11] . We can now check this assumption.
For estimates, it is reasonable to assume that the characteristic scale of the turbulence is set by the low-k modes with the maximum growth rate, thus k B ∼ Γ −1/2 0 . Restoring dimensional factors, we have
Then, from Eq. (8) or (1), one has
where we defined the generalized plasma β as
From Eq. (24), the quasi-nonlinear, amplitude-dependent growth rate becomes
If the unstable particle distribution is not maintained, the free energy of the instability is the initial particle distribution anisotropy. Then, the field energy should not exceed the kinetic energy of the particle streams, hence β > 1 if v 0 c and β > 1/2 if Γ 0 1, so that ν eff γ 0 . Numerical simulations of the instability itself, as well as of the collisionless shocks, show similar results that the magnetic energy density does not usually exceed about 10% of the kinetic energy density, i.e., β 10. Thus, the influence of quasi-collisions induced by the self-generated field on the instability growth rate is not substantial at collisionless shocks in weakly magnetized media, including astrophysical shocks in GRBs. One should bear in mind, however, the long-term simulations of a shock show that the overall magnetic field strength keeps gradually increasing with time due to the cosmic rays driving the instability in the foreshock [10] . Thus, the role of quasi-collisions may greatly increase if β becomes small.
V. CONCLUSIONS
In this parer, we studied the role of pitch-angle scattering of particles in sub-Larmor-scale magnetic fields, referred to as 'quasi-collisions', on the growth rate of the Weibel instability. The general formalism of such a non-linear effect has been presented. The results can describe the back-reaction of the self-generated magnetic fields on the instability growth rate in a deeply nonlinear regime, beyond the domain of applicability of the quasilinear theory. Hence, we colloquially refer to it as the 'quasi-nonlinear'. The estimate of the magnitude of the effect for the foreshock conditions of collisionless shocks in weakly magnetized plasmas and astrophysical shocks in GRBs in particular is presented.
